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1. Introduction
The paper is devoted to calculation of horn exponents of some class of real algebraic surfaces. It is known by [1] that
a semialgebraic or real algebraic 2-dimensional set X ⊂ Rn , near a point x0 ∈ X , with a local link homeomorphic to S1, is
bi-Lipschitz equivalent, with respect to the inner metric, to a revolution surface of the function y = xβ near 0 ∈ R3, where
β  1 is a rational number, this number is called a horn exponent of X at x0. In [3], we established the calculations of
horn exponents for real quasihomogeneous surfaces. The results obtained in [3] were very important in order to prove the
existence of metrically non-conical singularities of complex algebraic surfaces [4,5].
Here, we are going to compute the same exponent for real semi-quasihomogeneous surfaces. Our main tool is a vector
ﬁeld constructed by Kuo [8]. In fact, we use a modiﬁcation of the Kuo’s vector ﬁeld, used in [7] by Fukui and Paunescu (see
also [6] and [10]). We include a semi-quasihomogeneous function-germs f and the corresponding quasihomogeneous part
h of f into a subanalytic family, obtained by integration of the modiﬁed Kuo’s vector ﬁeld. Some properties of this family
were studied by Fukui and Paunescu [7]. For instance, they provide a modiﬁed analytic isomorphism between the germs f
and h. Paunescu [9] showed that such an isomorphism is not necessarily bi-Lipschitz. But, in our particular case, we show
that the germs of the sets f = 0 and h = 0 are bi-Lipschitz equivalent with respect to the inner metric.
2. Horn exponents
Let β  1 be a rational number. A semialgebraic subset Hβ of R3 deﬁned by
Hβ =
{
(x, y, z) ∈R3: (x2 + y2)q = z2p, z 0},
where β = pq , is called β-horn.
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only if β1 = β2. Let Ω ⊂ Rn be a 2-dimensional semialgebraic set. Let x0 ∈ Ω be a point such that Ω is a topological
2-dimensional manifold without boundary near x0.
Theorem 2.1. (See [1].) There exists a unique rational number β  1 such that the germ of Ω at x0 is bi-Lipschitz equivalent, with
respect to the inner metric, to a β-horn.
The number β is called a horn exponent of Ω at x0. We use the notation β(Ω, x0). By Theorem 2.1, β(Ω, x0) is a com-
plete intrinsic bi-Lipschitz invariant of germ of semialgebraic sets which are topological 2-dimensional manifold without
boundary.
Let γ1 : [0, ) → Ω and γ2 : [0, ) → Ω be two semianalytic arcs with γ1(0) = γ2(0) = x0 and not identically equal to x0.
We suppose that the arcs are parameterized in the following way:
∥∥γi(t) − x0∥∥= t, i = 1,2.
Let ρ(t) be a function deﬁned as follows: ρ(t) = ‖γ1(t)−γ2(t)‖. Since ρ is a subanalytic function there exist numbers λ ∈Q
and a ∈R, a = 0, such that
ρ(t) = atλ + o(tλ).
The number λ is called an order of contact of γ1 and γ2. We use the notation λ(γ1, γ2) (see [2]).
The order of contact of two arcs can be deﬁned in another way. Consider the “maximum” norm in Rn: ‖x‖m = maxk |xk|
where x = (x1, . . . , xn). Let γ i(t) = {y ∈ γi: ‖y − x0‖m = t}, i = 1,2. Let ρ(t) = ‖γ 1(t)− γ 2(t)‖m . Since ρ is also subanalytic,
there exist numbers λ ∈Q and a ∈R, a = 0, such that
ρ(t) = atλ + o(tλ).
For this number λ we use the notation λm(γ1, γ2).
Lemma 2.2. Let γ1, γ2 be a pair of semianalytic arcs such that γ1(0) = γ2(0) = x0 and γi = x0 (i = 1,2). Then λm(γ1, γ2) =
λ(γ1, γ2).
Let K be the ﬁeld of germs of subanalytic functions f : (0, ) →R. Let ν : K →R be a canonical valuation on K . Namely,
if f (t) = αtβ + o(tβ) with α = 0 we put ν( f ) = β .
Lemma 2.3. Let γ1, γ2 be a pair of semianalytic arcs such that γ1(0) = γ2(0) = x0 and γi = x0 (i = 1,2). Let γ˜1(τ ) and γ˜2(τ )
be semianalytic parameterizations of γ1 and γ2 such that ‖γ˜i(τ ) − x0‖ = τ + oi(τ ), i = 1,2. Let l(τ ) = ‖γ˜1(τ ) − γ˜2(τ )‖. Then
ν(l(τ )) λ(γ1, γ2).
The proof of these results are rather standard (see for instance [2, Order Comparison Lemma]).
Theorem 2.4. (See [3].) Let Ω ⊂ Rn be a 2-dimensional semialgebraic set. Let x0 ∈ Ω be a point such that Ω is a topological 2-
dimensional manifold without boundary near x0 . Then β(Ω, x0) = inf{λ(γ1, γ2): γ1, γ2 are semianalytic arcs on Ω with γ1(0) =
γ2(0) = x0}.
Proposition 2.5. Let Ω ⊂Rn be a 2-dimensional semialgebraic set. Let x0 ∈ Ω be a point such that Ω is a topological 2-dimensional
manifold without boundary near x0 . Let the tangent cone Tx0Ω contains two semilines. Then β(Ω, x0) = 1.
Proof. Let v1 and v2 be two tangent vectors such that  (v1, v2) = 0. Then, by the deﬁnition of the tangent cone, there
exist two curves γ1 and γ2 on Ω such that v1 = ddt γ1(t) and v2 = ddt γ2(t). By results of [2], we obtain that λ(γ1, γ2) = 1.
Thus, by Theorem 2.4, we have β(Ω, x0) = 1. 
Remind that a quasihomogeneous surface S ⊂R3 is an algebraic 2-dimensional set deﬁned by h(x, y, z) = 0, where h is a
quasihomogeneous polynomial. A branch of S at 0 is a closure of a connected component of S − {0}.
Theorem 2.6. (See [3].) Let S ⊂ R3 be a quasihomogeneous surface, with respect to weights a  b  c. Then for any branch Ω of S
at 0 one has β(Ω,0) = 1 or β(Ω,0) = bc .
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Remind that a polynomial function f :R3 → R is called semi-quasihomogeneous of degree d ∈ Q+ with respect to the
weights a,b, c ∈ Q+ if f can be present in the following form: f = h + θ where h is a quasihomogeneous polynomial of
degree d with respect to the weights a,b, c, the origin is an isolated singularity of h and θ contains only monomials xm ynzl
such that am + bn + cl > d.
An algebraic set S ⊂ R3 is called semi-quasihomogeneous if there exists a semi-quasihomogeneous polynomial f = h + θ
such that S = {(x, y, z) ∈R3: f (x, y, z) = 0}. The set S0 = {(x, y, z) ∈R3: h(x, y, z) = 0} is called a quasihomogeneous approx-
imation of S .
Theorem 3.1. Let S ⊂ R3 be a semi-quasihomogeneous 2-dimensional set. Let S0 ∈ R3 be a quasihomogeneous approximation of S.
Let the corresponding quasihomogeneous polynomial h with weights a  b  c. If b > c and S0 \ {0} is transversal to the plane
{(x, y, z) ∈ R3: z = 0}, then the germ of S at 0 is bi-Lipschitz equivalent to the germ of S0 at 0, with respect to the inner metric.
Moreover, if b = c then the germ of S at 0 is bi-Lipschitz equivalent to the germ of S0 at 0, with respect to the inner metric.
Note that the conditions of Theorem 3.1 hold for generic semi-quasihomogeneous surfaces.
Proof. Let us consider a family of functions deﬁned as follows: F (X,u) = h(X) + uθ(X), where u ∈ [0,1], X = (x, y, z), and
let us denote Fu(X) = F (X,u). Let V (X,u) be the vector ﬁeld deﬁned by:
V (X,u) = θ(X)
N∗Fu(X)
W (X,u),
where
N∗Fu(X) =
(
∂ F
∂x
(X,u)
)2αa
+
(
∂ F
∂ y
(X,u)
)2αb
+
(
∂ F
∂z
(X,u)
)2αc
,
αa = (d − b)(d − c), αb = (d − a)(d − c), αc = (d − a)(d − b) and
W (X,u) =
(
∂ F
∂x
(X,u)
)2αa−1 ∂
∂x
+
(
∂ F
∂ y
(X,u)
)2αb−1 ∂
∂ y
+
(
∂ F
∂z
(X,u)
)2αc−1 ∂
∂z
.
It is known that the ﬂow of this vector ﬁeld gives a modiﬁed analytic trivialization [7] of the family F−1(0). In particular,
the map deﬁned by
Φ(X) = X +
1∫
0
V (X,u)du
is a homeomorphism between (S,0) and ( S˜,0) which deﬁnes a correspondence between subanalytic arcs in (S,0) and
in ( S˜,0).
Let Ω be a branch of S0 at 0. We are going to prove that Ω is bi-Lipschitz equivalent to Φ(Ω), with respect to the inner
metric. Note, that S and S0 have an isolated singularity at 0. Thus, all the branches are “horn-like”, i.e. locally homeomorphic
to a cone over S1.
Proposition 3.2. Let γ (t) be a subanalytic continuous arc parameterized by γ (t) = (tax(t), tb y(t), tc z(t)). Then Φ(γ (t)) = γ (t) +
η(t); η(t) = (η1(t), η2(t), η3(t)) satisﬁes ν(η1(t)) > a, ν(η2(t)) > b, ν(η3(t)) > c.
Proof. It is easy to see that there exists a constant λ > 0 such that | ∂ Fu
∂x (γ (t))|  λtd−a , | ∂ Fu∂ y (γ (t))|  λtd−b and
| ∂ Fu
∂z (γ (t))| λtd−c .
By the results of M. Ruas and M. Saia [10, Lemma 3, p. 93] there exists a constant λ1 such that
N∗Fu
(
γ (t)
)
 λ1N∗h
(
γ (t)
)
.
Since N∗h(γ (t)) = t2kN∗h(x(t), y(t), z(t)), there exists a constant λ2 such that
N∗Fu
(
γ (t)
)
 λ2t2k.
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∣∣η1(t)∣∣t−a  t−a
1∫
0
|θ(γ (t))|
N∗Fu(γ (t))
∣∣∣∣∂ Fu∂x
(
γ (t)
)∣∣∣∣
2αa−1
du  λ
2αa−1
λ2
∣∣θ(γ (t))∣∣t−d
∴ limt→0+ η1(t)t−a = 0;
∣∣η2(t)∣∣t−b  t−b
1∫
0
|θ(γ (t))|
N∗Fu(γ (t))
∣∣∣∣∂ Fu∂x
(
γ (t)
)∣∣∣∣
2αb−1
du  λ
2αb−1
λ2
∣∣θ(γ (t))∣∣t−d
∴ limt→0+ η2(t)t−b = 0;
∣∣η3(t)∣∣t−c  t−c
1∫
0
|θ(γ (t))|
N∗Fu(γ (t))
∣∣∣∣∂ Fu∂x
(
γ (t)
)∣∣∣∣
2αc−1
du  λ
2αc−1
λ2
∣∣θ(γ (t))∣∣t−d
∴ limt→0+ η3(t)t−c = 0. 
Case. a = b = c.
This case is a corollary of results obtained in [6].
Case. a > b = c.
It is clear that there exist two points (x1, y1, z1), (x2, y2, z2) ∈ Ω such that (y1, z1) = λ(y2, z2), for all λ > 0. Let γ1(t) =
(tax1, tb y1, tc z1) and γ2(t) = (tax2, tb y2, tc z2) be two arcs belonging to Ω . Since
lim
t→0+
γi(t)
tc
= (0, yi, zi), i = 1,2,
γ1, γ2 have different unit tangent vectors at 0. By the above proposition,
lim
t→0+
Φ(γi(t))
tc
= (0, yi, zi), i = 1,2,
hence Φ(γ1),Φ(γ2) have different unit vectors at 0. By Theorem 2.4 we have β(Ω,0) = β(Φ(Ω),0) = 1.
Case. b > c.
Let Ω \ {0} intersect the plane {(x, y, z) ∈R3: z = 0}. By hypothesis, this intersection is transversal. Therefore, there exist
points (x1, y1, z1), (x2, y2, z2) ∈ Ω such that z1 > 0 and z2 < 0. Let
γi(t) =
(
taxi, t
b yi, t
c zi
)
, i = 1,2.
Since
lim
t→0+
γi(t)
tc
= (0,0, zi), i = 1,2,
γ1, γ2 have different unit tangent vectors at 0. By the above proposition,
lim
t→0+
Φ(γi(t))
tc
= (0,0, zi), i = 1,2,
hence Φ(γ1),Φ(γ2) have different unit vectors at 0. By Theorem 2.4 we have β(Ω,0) = β(Φ(Ω),0) = 1.
Now, we can suppose that
Ω ∩ {(x, y, z) ∈R3: z = 0}= {0}.
Lemma 3.3. Let γ1 and γ2 be two arcs on Ω such that γ1(0) = γ2(0) = 0.
(1) λ(Φ(γ1),Φ(γ2)) bc .
(2) There exist standard arcs γ1 and γ2 on Ω such that γ1(0) = γ2(0) = 0 and λ(Φ(γ1),Φ(γ2)) = bc .
1776 L. Birbrair, A. Fernandes / Topology and its Applications 155 (2008) 1772–1776Proof. Using the technique developed in [3], we can parameterize these arcs by γi(t) = (t ac xi(t), t bc yi(t), t), i = 1,2. We are
going to prove the assertion (1). Let us deﬁne ti(r) such that ‖Φ(ti(r))‖max = r, i = 1,2. Thus, t1 and t2 are well deﬁned
subanalytic functions, for small r. Moreover, from Proposition 3.2
t1(r) = r + o1(r) and t2(r) = r + o2(r),
where limr→0 o1(r)r = 0 = limr→0 o2(r)r . In fact, by Proposition 3.2 we obtain
Φ
(
γi(t)
)= (t ac x˜i(t), t bc y˜i(t), t z˜i(t))
with x˜i , y˜i , z˜i subanalytic continuous functions; xi(0) = x˜i(0), yi(0) = y˜i(0) and 1 = z˜i(0). Therefore,
λ
(
Φ(γ1),Φ(γ2)
)= ν(∥∥Φ(γ1(t1(r)))− Φ(γ1(t1(r)))∥∥)=min{ f , g},
where
f = a
c
+ ν(∣∣x˜1(αr + o1(r))− x˜2(αr + o2(r))∣∣),
g = b
c
+ ν(∣∣ y˜1(αr + o1(r))− y˜2(αr + o2(r))∣∣).
Since a b, we prove (1).
In order to prove (2), we consider γ1(t) = (t ac x1, t bc y1, t) and γ2(t) = (t ac x2, t bc y2, t) arcs on Ω such that y1 = y2. Calcu-
lating g in the above formulae, we obtain g = 0, because y˜1(0) − y˜2(0) = y1 − y2 = 0. Therefore, λ(Φ(γ1),Φ(γ2)) = bc . 
In order to prove the theorem, we suppose that ψ1 and ψ2 are subanalytic arcs on Φ(Ω) such that ψ1(0) = 0 = ψ2(0).
Thus, ψ1 = Φ(γ1) and ψ2 = Φ(γ2) for some subanalytic arcs γ1 and γ2 on Ω . From the above lemma, we obtain
λ
(
Φ(γ1),Φ(γ2)
)
 b
c
.
By Theorem 2.4, β(Φ(Ω),0) bc . On the other hand, by the above lemma, there exist subanalytic arcs γ1 and γ2 on Ω such
that γ1(0) = γ2(0) = 0 and λ(Φ(γ1) − Φ(γ2)) = bc . Again, using Theorem 2.4, we obtain
β
(
Φ(Ω),0
)= b
c
= β(Ω,0).
Finally, the statement of the theorem follows from Theorem 2.1. 
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